
Chemistry 432

Problem Set 9

Spring 2020

Solutions
1. Give the electronic structures for all homonuclear diatomic molecules from H2 to Ne2

using molecular orbital theory. Which are predicted to be unbound?
Answer:

H2 1σ2
g

He2 1σ2
g1σ∗2u unbound

Li2 1σ2
g1σ∗2u 2σ2

g

Be2 1σ2
g1σ∗2u 2σ2

g2σ∗2u unbound

B2 1σ2
g1σ∗2u 2σ2

g2σ∗2u 1π2
u

C2 1σ2
g1σ∗2u 2σ2

g2σ∗2u 1π4
u

N2 1σ2
g1σ∗2u 2σ2

g2σ∗2u 1π4
u3σ2

g

O2 1σ2
g1σ∗2u 2σ2

g2σ∗2u 3σ2
g1π4

u1π∗2g

F2 1σ2
g1σ∗2u 2σ2

g2σ∗2u 3σ2
g1π4

u1π∗4g

Ne2 1σ2
g1σ∗2u 2σ2

g2σ∗2u 3σ2
g1π4

u1π∗4g 3σ∗2u unbound

2. On the basis of molecular orbital theory, explain the following: The binding energy of
N+

2 is 6.35 ev and the binding energy of N2 is 7.38 ev, whereas the binding energy of
O+

2 is 6.48 ev and the binding energy of O2 is 5.08 ev.
Answer:

N2 1σ2
g1σ∗2u 2σ2

g2σ∗2u 1π4
u3σ2

g

N+
2 1σ2

g1σ∗2u 2σ2
g2σ∗2u 1π4

u3σ1
g

N+
2 has 1 less bonding electron than N2, and N2 is more strongly bound than N+

2 .

O2 1σ2
g1σ∗2u 2σ2

g2σ∗2u 3σ2
g1π4

u1π∗2g

O+
2 1σ2

g1σ∗2u 2σ2
g2σ∗2u 3σ2

g1π4
u1π∗1g

O+
2 has 1 less anti-bonding electron than O2, and O+

2 is more strongly bound than O2.
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3. Give the Born-Oppenheimer Hamiltonian operator for the Be2 molecule. Use molecular
orbital theory to compare the binding strengths of Be+2 , Be2 and Be −2 assuming the
ordering of the molecular orbitals is the same for the ions as the ordering known to be
correct for the neutral molecule.
Answer:

Ĥ = − h̄2

2me

8∑
i=1

∇2
i−

8∑
i=1

(
4e2

4πε0|~ri − ~Ra|
+

4e2

4πε0|~ri − ~Rb|

)
+

8∑
i<j

e2

4πε0|~ri − ~rj|
+

16e2

4πε0|~Ra − ~Rb|

Be
↑↓ 2σ∗u
↑↓ 2σg
↑↓ 1σ∗u
↑↓ 1σg

BO =
1

2
(n− n∗) =

1

2
(4− 4) = 0

Unbound
Be−

↑ 1πu
↑↓ 2σ∗u
↑↓ 2σg
↑↓ 1σ∗u
↑↓ 1σg

BO =
1

2
(n− n∗) =

1

2
(5− 4) =

1

2

Bound
Be+

↑ 2σ∗u
↑↓ 2σg
↑↓ 1σ∗u
↑↓ 1σg

BO =
1

2
(n− n∗) =

1

2
(4− 3) =

1

2

Bound

4. Give the Born-Oppenheimer Hamiltonian operator for the C2 molecule. Then use
molecular orbital theory to determine the bond orders and relative binding strengths
for the molecules C+

2 , C2 and C−2 .
Answer

Ĥ = − h̄2

2me

12∑
i=1

∇2
i−

12∑
i=1

6e2

4πε0

(
1

|~ri − ~Ra|
+

1

|~ri − ~Rb|

)
+

36e2

4πε0|~Ra − ~Rb|
+

12∑
i<j

e2

4πε0|~ri − ~rj|

2



C+
2 : 1σ2

g1σ∗2u 2σ2
g2σ∗2u 1π3

u

BO =
1

2
(7− 4) =

3

2

C2 : 1σ2
g1σ∗2u 2σ2

g2σ∗2u 1π4
u

BO =
1

2
(8− 4) = 2

C−2 : 1σ2
g1σ∗2u 2σ2

g2σ∗2u 1π4
u3σ1

g

BO =
1

2
(9− 4) =

5

2

BEC−
2
> BEC2 > BEC+

2

5. Give the Born-Oppenheimer Hamiltonian operator for the F2 molecule. Use molecular
orbital theory to compare the binding strengths of F+

2 , F2 and F−2 assuming the ordering
of the molecular orbitals is the same for the ions as the ordering known to be correct
for the neutral molecule.
Answer:

Ĥ = − h̄2

2me

18∑
i=1

∇2
i−

18∑
i=1

9e2

4πε0

(
1

|~ri − ~Ra|
+

1

|~ri − ~Rb|

)
+

81e2

4πε0|~Ra − ~Rb|
+

1

2

18∑
i 6=j

e2

4πε0|~ri − ~rj|

F2

↑↓ ↑↓ 1π∗g
↑↓ ↑↓ 1πu
↑↓ 3σg
↑↓ 2σ∗u
↑↓ 2σg
↑↓ 1σ∗u
↑↓ 1σg

BO =
1

2
(n− n∗) =

1

2
(10− 8) = 1

F+
2

↑↓ ↑ 1π∗g
↑↓ ↑↓ 1πu
↑↓ 3σg
↑↓ 2σ∗u
↑↓ 2σg
↑↓ 1σ∗u
↑↓ 1σg

BO =
1

2
(n− n∗) =

1

2
(10− 7) = 3/2
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F−2
↑ 3σ∗u
↑↓ ↑↓ 1π∗g
↑↓ ↑↓ 1πu
↑↓ 3σg
↑↓ 2σ∗u
↑↓ 2σg
↑↓ 1σ∗u
↑↓ 1σg

BO =
1

2
(n− n∗) =

1

2
(10− 9) = 1/2

Binding energy order is F+
2 > F2 > F−2

6. Give the Born-Oppenheimer Hamiltonian operator for the O2 molecule. Then use
molecular orbital theory to determine the bond orders and relative binding strengths
for the molecules O+

2 , O2 and O−2 .
Answer:

Ĥ = − h̄2

2me

16∑
i=1

∇2
i−

16∑
i=1

8e2

4πε0

(
1

|~ri − ~Ra|
+

1

|~ri − ~Rb|

)
+

64e2

4πε0|~Ra − ~Rb|
+

1

2

16∑
i 6=j

e2

4πε0|~ri − ~rj|

O2

↑ ↑ 1π∗g
↑↓ ↑↓ 1πu
↑↓ 3σg
↑↓ 2σ∗u
↑↓ 2σg
↑↓ 1σ∗u
↑↓ 1σg

BO =
1

2
(n− n∗) =

1

2
(10− 6) = 2

O+
2

↑ 1π∗g
↑↓ ↑↓ 1πu
↑↓ 3σg
↑↓ 2σ∗u
↑↓ 2σg
↑↓ 1σ∗u
↑↓ 1σg

BO =
1

2
(n− n∗) =

1

2
(10− 5) = 5/2

O−2
↑↓ ↑ 1π∗g
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↑↓ ↑↓ 1πu
↑↓ 3σg
↑↓ 2σ∗u
↑↓ 2σg
↑↓ 1σ∗u
↑↓ 1σg

BO =
1

2
(n− n∗) =

1

2
(10− 7) = 3/2

Binding energy order is O+
2 > O2 > O−2

7. Give the Born-Oppenheimer Hamiltonian operator for the B+
2 ion. Assuming the or-

dering of orbitals to be the same for neutral molecules as the ordering for ions, use
molecular-orbital theory to compare the relative stabilities of B+

2 , B2 and B−2 .
Answer:

Ĥ = − h̄2

2me

9∑
i=1

∇2
i−

9∑
i=1

(
5e2

4πε0|~ri − ~Ra|
+

5e2

4πε0|~ri − ~Rb|

)
+

9∑
i<j

e2

4πε0|~ri − ~rj|
+

25e2

4πε0|~Ra − ~Rb|

B+
2

↑ 1πu
↑↓ 2σ∗u
↑↓ 2σg
↑↓ 1σ∗u
↑↓ 1σg

BO =
1

2
(n− n∗) =

1

2
(5− 4) =

1

2

B2

↑ ↑ 1πu
↑↓ 2σ∗u
↑↓ 2σg
↑↓ 1σ∗u
↑↓ 1σg

BO =
1

2
(n− n∗) =

1

2
(6− 4) = 1

B−2
↑↓ ↑ 1πu
↑↓ 2σ∗u
↑↓ 2σg
↑↓ 1σ∗u
↑↓ 1σg

BO =
1

2
(n− n∗) =

1

2
(7− 4) =

3

2
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Relative stability
B+

2 < B2 < B−2

8. The ungerade, antibonding molecular orbital of the H+
2 molecule is given by

ψu = A[φa − φb]

with A the normalization and φa or φb the normalized 1s orbital centered respectively on
nucleus a or b. Show that the expectation value of the Born-Oppenheimer Hamiltonian
operator for the H+

2 molecule with respect to ψu is given by

〈Ĥ〉 =
Haa −Hab

1− Sab

where
Haa =

∫
φaĤφadτ, Hab =

∫
φaĤφbdτ and Sab =

∫
φaφbdτ.

Answer:
First normalize

A2
∫

(φa − φb)
2dτ = A2[

∫
φ2
adτ +

∫
φ2
bdτ − 2

∫
φaφbdτ ]

= A2[2− 2Sab] = 1 A =
1√

2(1− Sab)

〈Ĥ〉 =
1

2(1− Sab)

∫
(φa − φb)Ĥ(φa − φb)dτ

=
1

2(1− Sab)
[
∫
φaĤφadτ +

∫
φbĤφbdτ − 2

∫
φaĤφbdτ ]

=
1

2(1− Sab)
[Haa +Hbb − 2Hab] =

1

2(1− Sab)
[Haa +Haa − 2Hab] =

Haa −Hab

1− Sab

9. Consider the gas phase NH molecule, and let φH be the 1s-orbital wavefunction centered
on the hydrogen atom and φN be the 2pz-orbital wavefunction centered on the nitrogen
atom. Noting that all wavefunctions for this system are real numbers, let the Coulomb
integral for the hydrogen atom be given by

αH =
∫
φHĤφHdτ,

the Coulomb integral for the nitrogen atom be given by

αN =
∫
φNĤφNdτ,
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the overlap integral be

S =
∫
φHφNdτ

and the resonance integral be given by

β = βH,N = βN,H =
∫
φHĤφNdτ.

Derive the secular equation for the molecular-orbital energies for NH in terms of S,
αH , αN and β.
Answer

〈E〉 =

∫
(cHφH + cNφN)Ĥ(cHφH + cNφN)dτ∫
(cHφH + cNφN)(cHφH + cNφN)dτ

=
c2HαH + c2NαN + 2cHcNβ

c2H + c2N + 2ScHcN
or

〈E〉(c2H + c2N + 2ScHcN) = c2HαH + c2NαN + 2cNcHβ

Differentiating both sides with respect to cH we obtain

2cH〈E〉+ 2ScN〈E〉 = 2cHαH + 2cNβ

or
(αH − 〈E〉)cH + (β − 〈E〉S)cN = 0. (1)

Next we differentiate with respect to cN to obtain

2cN〈E〉+ 2ScH〈E〉 = 2cNαN + 2cHβ

or
(αN − 〈E〉)cN + (β − 〈E〉S)cH = 0. (2)

Equations (1) and (2) have non trivial solutions only if the secular determinant van-
ishes; i.e. ∣∣∣∣∣ αH − 〈E〉 β − S〈E〉

β − S〈E〉 αN − 〈E〉

∣∣∣∣∣ = 0

10. Consider the gas phase LiC molecule, and let φLi be the 2s-orbital wavefunction cen-
tered on the lithium atom and φC be the 2pz-orbital wavefunction centered on the
carbon atom. Noting that all wavefunctions for this system are real numbers, let the
Coulomb integral for the lithium atom be given by

αLi =
∫
φLiĤφLidτ,
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the Coulomb integral for the carbon atom be given by

αC =
∫
φCĤφCdτ,

the overlap integral be

S =
∫
φLiφCdτ

and the resonance integral be given by

β = βLi,C = βC,Li =
∫
φLiĤφCdτ.

Using the expectation value of the Hamiltonian and the variational theorem, derive
the secular equation for the molecular-orbital energies for LiC in terms of S, αLi, αC

and β.
Answer:

〈E〉 =

∫
(cLiφLi + cCφC)Ĥ(cLiφLi + cCφC)dτ∫
(cLiφLi + cCφC)(cLiφLi + cCφC)dτ

≥ E0

〈E〉 =
c2LiαLi + c2CαC + 2cLicCβ

c2Li + c2C + 2ScLicC
or

〈E〉(c2Li + c2C + 2ScLicC) = c2LiαLi + c2CαC + 2cLicCβ

Differentiating both sides with respect to cLi we obtain

2cLi〈E〉+ 2ScC〈E〉 = 2cLiαLi + 2cCβ

or
(αLi − 〈E〉)cLi + (β − 〈E〉S)cC = 0. (3)

Next we differentiate with respect to cC to obtain

2cC〈E〉+ 2ScLi〈E〉 = 2cCαC + 2cLiβ

or
(αC − 〈E〉)cC + (β − 〈E〉S)cLi = 0. (4)

Equations (1) and (2) have non trivial solutions only if the secular determinant van-
ishes; i.e. ∣∣∣∣∣ αLi − 〈E〉 β − S〈E〉

β − S〈E〉 αC − 〈E〉

∣∣∣∣∣ = 0
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11. Recall that the anti-bonding, ungerade wavefunction of the H+
2 molecule is given by

ψu = cu(φ1SA
− φ1SB

)

where φ1SA
is the 1s, hydrogen atom orbital about center A, φ1SB

is the 1s, hydrogen
atom orbital about center B, and cu is the normalization. Show that

cu =
1√

2(1− SAB)

where SAB is the overlap integral defined by

SAB =
∫
φ1sAφ1sB dτ.

Answer: ∫
ψ∗uψu dτ = 1∫

(cu[φ1SA
− φ1SB

])2 dτ = 1

c2u(
∫
φ2
1SA

dτ +
∫
φ2
1SB

dτ − 2
∫
φ1SA

φ1SB
dτ)

= c2u(1 + 1− 2SAB) = c2u(2− 2SAB) = 1

cu =
1√

2(1− SAB)

12. Consider the gas-phase lithium dimer Li2. 1) Give the Born-Oppenheimer Hamiltonian
operator for Li2. 2) Assuming a good representation for the ground-state wavefunction
for Li2 is

ψ = A[φ2sa + φ2sb],

where A is the normalization, φ2sa is a 2s orbital centered on atom “a” and φ2sb is a
2s orbital centered on atom “b.” Show that the expectation value of the Hamiltonian
with respect to the approximate wavefunction ψ is given by

〈Ĥ〉 =
Haa +Hab

1 + S

where

Haa =
∫

φ2saĤφ2sa dτ Hab =
∫

φ2saĤφ2sb dτ =
∫

φ2sbĤφ2sa dτ

and the overlap integral is given by

S =
∫
φ2saφ2sb dτ.
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Answer

Ĥ = − h̄2

2me

6∑
i=1

∇2
i −

6∑
i=1

(
3e2

4πε0|~ri − ~Ra|
+

3e2

4πε0|~ri − ~Rb|

)

+
1

2

6∑
i 6=j

e2

4πε0|~ri − ~rj|
+

9e2

4πε0|~Ra − ~Rb|

Normalize
A2
∫

(φ2
2a + φ2

2b + 2φ2aφ2b)dτ = A2(1 + 1 + 2S) = 1

A =
1√

2(1 + S)

〈Ĥ〉 =
1

2(1 + S)

(∫
φ2aĤφ2adτ +

∫
φ2bĤφ2bdτ + 2

∫
φ2aĤφ2bdτ

)

=
1

2(1 + S)
(Haa +Hbb + 2Hab) =

Haa +Hab

1 + S
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